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Abstract: In this paper, a two-level atom coupled with double Lorentzian spectrum is solved by
pseudomode theory, and an analytic representation of the density operator is obtained. Secondly,
the paper investigate the entanglement witness and entropy uncertainty, and get the analytical
representation of entanglement and uncertainty and their relationship. The environmental effects
of the double Lorentzian spectrum are explained by non-Markovianity. In addition, this paper
study the influence of Zeno effect on entanglement witness and uncertainty. The results show
that the Zeno effect not only can effectively prolong the time of entanglement witness and reduce
the lower bound of the entropy uncertainty, but also can greatly enhance the time of entanglement
witness and reduce the entanglement value of witness.
© 2020 Optical Society of America
1. INTRODUCTION
Heisenberg uncertainty principle constitutes the basic element of quantum mechanics [1–12].
Then Kennard and Robertson used standard variance to represent the uncertainty relationship
between two incompatible observations [13, 14], i.e., ∆Q · ∆R ≥ 12 |〈[Qˆ, Rˆ]〉|, but it will result in
a mediocre consequence if the [Qˆ, Rˆ] = 0 or 〈[Qˆ, Rˆ]〉 = 0. In order to overcome this shortcoming,
a new expression called entropy uncertainty relation(EUR) is proposed by Deutsch and improved
by Kraus, and then is demonstrated by Maassen and Uffink [15–17]. Until recently, Berta et al.
proposed a quantum-memory-assisted entropy uncertainty relationship [1], which is given by
S(P |B) + S(Q |B) ≥ log2
1
c
+ S(A|B). (1)
Where S(A|B) = S (ρˆAB) − S (ρˆB) is the conditional von Neumann entropy, ρˆB is the reduced
density matrix of the ρˆAB. In the same way, S(P |B) (S(Q |B)) is the conditional entropy of the
post-measurement state ρˆPB
(
ρˆQB
)
for which atom A measures P (Q). The entropy uncertainty
relation was originally put forward to solve the conceptual shortcomings in the uncertainty
principle, so it plays an important role in the quantum foundation. Prevedel et al. and Li et al.
experimentally demonstrated the quantum-memory-assisted entropy uncertainty relation [18, 19].
Justin and Franco also suggested alternative definitions of error and disturbance then these
definitions naturally produce complementarity and error-disturbance inequalities that had the
same form as the traditional Heisenberg relation [20]. It can raise the likelihoods of future
measurements on quantum systems. Likewise, it is providing the foundation for the security
of many quantum cryptographic protocols. For instance, security proofs in the noisy-storage
model are intimately connected to entropy uncertainty relation [3, 21]. In addition, entanglement
witnessing is a well-developed field [22, 23]. Here, we focus mostly on entanglement witnesses
that follow from entropy uncertainty relation.
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On the other hand, quantum entanglement is an important quantum resource in quantum
information processing tasks such as quantum teleportation, quantum dense coding, quantum
cryptography and quantum computing [24–28]. For the past years, the research on generating
steady state entanglement has attracted extensive attention [29, 30]. For example, Ye-hong
Chen et al. explored an interesting alternative for a fast and high-fidelity generation of steady
state entanglement [31]. Based on the above research, Wei and Adam et al. also demonstrated
the generation of steady-state nearly maximal quantum entanglement [32]. However, quantum
entanglement is easily destroyed because any interaction between quantum systems and their
surroundings can give rise to decoherence and dissipation phenomena. Hence, how to effectively
protect and witness quantum entanglement of open quantum systems have attracted wide attention
during the last decade [33–36]. For example, Ming-Liang Hu and Heng Fan investigated
entanglement protection and entanglement witness of open systems using the entropy uncertainty
relation in the presence of quantum memory [37]. The authors in Ref. [38] studied tripartite
disentangling and entangling dynamics as well as protecting bipartite entanglement with both
atom-atom interactions and atom-cavity couplings taken simultaneously into account.
As a matter of fact, many methods have been developed to extend the entanglement witness
time of a quantum system. Particularly quantum Zeno effect(QZE) is often used to protect
entanglement and prolong the time of entanglement witness via frequent measurements [39–43].
For instance, the authors studied the possibility of modifying the dynamics of both quantum
correlations, such as entanglement, discord, and classical correlations of an open bipartite system
by means of the quantum Zeno effect [39].
In this paper, we focus on a two-atom system under the quantum Zeno effect, in which
each atom is in an environment with a double Lorentzian spectrum, and there is no interaction
between the two subsystems. Pseudomode theory is used to solve this model and an equation
in Lindblad form is obtained, from which we find the dissipation and coupling terms related to
the double Lorentzian spectrum. Under pseudomode theory, the interaction between each atom
and its environment is replaced by the interaction between the atom and pseudomodes, that is,
each subenvironment is equivalent to two pseudomodes. The pseudomodes act as a memory
for the atom. Then we investigate entanglement witness and entropy uncertainty of the open
two-atom system. Besides, we analyze influence of quantum Zeno effect and environmental
parameters on entanglement witness and entropy uncertainty. Finally, to explain the total effect
of the pseudomodes on each atom, we introduce the non-Markovianity. The results show that
appropriate parameters and quantum Zeno effect can effectively reduce the lower bound of the
entropy uncertainty and prolong the time of entanglement witness.
Our work has the following features: First, the model we consider is widely studied in the
theoretical studies of dynamics of open quantum systems, and the double Lorentzian spectrum
is used to describe the influence of the environment to the system more realistically. And the
non-Markovianity are used to explain the physical meaning of the double Lorentzian spectrum.
Second, We get a concrete, brief entanglement expression, the lower bound of the entropy
uncertainty expression, and relationship of them in this model.
The paper is organized as follows. In Sec.II, we give a physical model and its solution. In
Sec.III, we review quantum entanglement, entropy uncertainty relation and Zeno effect with
quantum memory. In Sec.IV, we calculate entanglement witness and entropy uncertainty with
and without Zeno effect, respectively. We also discuss their physical explanation. In Sec.V, we
summarize our conclusions.
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Fig. 1. Schematic illustration of the atom interactions with Lorentzian environment
which is simply a sum of two Lorentzian functions. The interaction between atom and
the pseudomodes replaces the interaction it and environment.
2. PHYSICAL MODEL
Firstly, we consider a two-level atom coupling with a zero-temperature environment. Assuming
~ = 1, the total Hamiltonian of the system is given by
Hˆ = Hˆ0 + HˆI, (2)
where
Hˆ0 = ω0σˆ+σˆ− +
∑
k
ωk bˆ
†
k
bˆk, (3)
and
HˆI =
∑
k
(gk bˆk σˆ+ + g∗k bˆ†k σˆ−), (4)
σˆ+ and σˆ− are the raising and lowering operators for the atom with the transition frequency ω0.
bˆ†
k
and bˆk are the creation and annihilation operators for the k-th mode of the environment with
frequency ωk . Also, the strength of the coupling between the atom and the k-th mode of the
environment is given by gk . For convenience in the later discussion, we consider the coupling
coefficient is real.
For a single excitation of the total system, we suppose that the initial state is
|Φ (0)〉 = M0(0)|g〉|0〉R + M1 (0) |e〉|0〉R . (5)
We will now expand a general state vector of the total system as
|Φ (t)〉 =M0(t)|g〉|0〉R + M1 (t) |e〉|0〉R
+
∑
k
Mk (t) |g〉|1k〉R . (6)
By substituting Eq.(6) into the Schrödinger equation, the integrodifferential equation satisfied by
the probability amplitude can be obtained
dM1 (t)
dt
= −
∫ t
0
f (t − t ′)M1 (t ′) dt ′. (7)
Where the correlation function is related to the spectral density J (ω) of the environment by
f (t − t ′) =
∫ ∞
0
J (ω) ei(ω0−ω)(t−t′)dω. (8)
For different environments, there are several different forms of spectral density, e.g., the
Lorentzian spectrum and the Ohmic spectrum are usually used to simulate the environment in
cavity QED system [40, 44, 45]. However, for band-gap environments, the double Lorentzian
spectrum can describe the influence of the environment on the system more realistically [46].
The double Lorentzian spectral density is considered in this paper, i.e.,
J (ω) = 1
2pi
[
γ1λ
2
1
(ω − ω0)2 + λ21
+
γ2λ
2
2
(ω − ω0)2 + λ22
]
. (9)
Here, in order to solve f (t− t ′) in Eq.(8) from Eq.(9), we will use the pseudomode theory [47–49].
The psudomodes is determined by the singularity of the spectral density in the lower half plane
and possesses the properties of a finite-Q cavity mode. The interaction between the atom and
the environment can be replaced by the interaction between the atom and the psudomodes.
Diagrammatic representation of the atom-pseudomode dynamics in Fig.1.
The constant ω0 is the oscillation frequency of the psudomodes, the parameter λj ( j = 1, 2)
is the decay rate of the j-th pseudomode. The constants ω0 and λj are depend on the position
of the pole zj = ω0 − iλj while g¯j =
√
γjλ j
2 is the coupling strength between the atom and
j-th pseudomode. In the weak coupling regime, that is, for λj > 2γj( j = 1, 2) the behavior of
dynamical evolution of the system coupling to the j-th pseudomode is essentially a Markovian
exponential decay controlled by λj ( j = 1, 2). Instead, in the strong coupling regime, that is , for
λ1 < 2γ1( j = 1, 2), the evolution is non-Markovian(See appendix A for equation in Lindblad
form).
Substituting J(ω) into Eq.(8), we get
f (t − t ′) = 1
2
(
γ1λ1e−iz1(t−t
′) + γ2λ2e−iz2(t−t
′)
)
, (10)
with this result inserted into Eq.(7) and move to an interaction representation, we will find that
i ÛM1(t) = − i
∫ t
0
(g¯21e−iz1(t−t
′)
+ g¯22e
−iz2(t−t′))M1 (t ′) dt ′
=g¯1P¯1(t) + g¯2P¯2(t),
i Û¯P1(t) =z1P¯1(t) + g¯1M1(t),
i Û¯P2(t) =z2P¯2(t) + g¯2M1(t),
(11)
where P¯j(t) = −ig¯j
∫ t
0 e
−iz j (t−t′)M1 (t ′) dt ′ is the j-th pseudomode amplitude.
By using the Laplace transform of M1(t), we can find that
M1(s) = ABM1(0), (12)
where A = (s + λ1) (s + λ1) and B = s3+s2 (λ1 + λ2)+s
(
λ1λ2 +
1
2γ1λ1 +
1
2γ2λ2
)
+ 12λ1λ2 (γ1 + γ2).
Thus, we can get the analytical solution of the probability amplitude M1 (t) by inverse Laplace
transformation, namely,
M1 (t) =
3∑
i=1
Ress=si [M1(s)est, si], (13)
where si are the three solutions of B=0 of Eq.(12).
Consequently, the density matrix is written as
ρˆS (t) = ©­«
|M1 (t) |2 M1 (t)M∗0
M0M∗1 (t) 1 − |M1 (t) |2
ª®¬ . (14)
Next, we consider a two-atom system formed by two identical subsystems that do not interact
with each other. Each subsystem consists of an atom, which interacts with the environment locally.
The density matrix ρˆΦ(t) of two-atom system can be determined by the procedure presented in
Ref. [50].
In the standard basis A = {|1〉 ≡ |ee〉, |2〉 ≡ |eg〉, |3〉 ≡ |ge〉, |4〉 ≡ |gg〉}. The environment
R is initially at |0〉R. The initial state of the atom is set as |Φ (0)〉 = 1√2 [|eg〉 + |ge〉], the |e〉 and
|g〉 is the excited state and ground state, respectively. We obtain the diagonal and off-diagonal
elements of the reduced density matrix at the initial time,
ρˆΦ22 (0) = ρˆΦ23 (0) = ρˆΦ32 (0) = ρˆΦ33 (0) =
1
2
, (15)
and everything else is equal to 0.
After time t > 0, the elements of the reduced density matrix can be written as
ρˆΦ22 (t) = |M1 (t) |2 ρˆΦ22 (0) , (16a)
ρˆΦ33 (t) = |M1 (t) |2 ρˆΦ33 (0) , (16b)
ρˆΦ23(t) = |M1 (t) |2 ρˆΦ23(0), (16c)
ρˆΦ44 (t) = (1 − |M1 (t) |2)(ρˆΦ22(0) + ρˆΦ33(0)). (16d)
It’s obvious that this is an X structure density matrix [51–53]:
ρˆΦ (t) =
©­­­­­­­«
0 0 0 0
0 ρˆΦ22 (t) ρˆΦ23 (t) 0
0 ρˆΦ32 (t) ρˆΦ33 (t) 0
0 0 0 ρˆΦ44 (t)
ª®®®®®®®¬
. (17)
3. QUANTUM ENTANGLEMENT, EUR and ZENO EFFECT WITH QUANTUM MEM-
ORY
3.1. Quantum Entanglement
There are many methods to measure quantum entanglement, for examples, the relation of entropy
entanglement, the partial entropy entanglement and the concurrency. The entanglement dynamics
of the two-atom system can be get by using Wootters concurrence [54]. The concurrence is
derived from the reduced density matrix of the two-atom systems as
Cρˆ (t) = max
{
0,
√
β1 −
√
β2 −
√
β3 −
√
β4
}
, (18)
where βi is the eigenvalue of matrix ρ˜ in decreasing order.
ρ˜ = ρˆΦ (t) (σˆy ⊗ σˆy ) ρˆΦ (t)∗ (σˆy ⊗ σˆy ) . (19)
It is well-known that σˆy is Pauli matrices and ρˆΦ (t)∗ is the complex conjugation of ρˆΦ (t) in
the standard basis A. Concurrency Cρˆ (t) ranges from 0 to 1, representing disentangled state to
maximally entangled state. Under our dynamical conditions, the X density matrix is keep during
the two-atom system evolution. Hence, we can obtain the concurrency from Eq.(17) to Eq.(18),
Cρˆ(t) = 2 max{0,K(t)}, (20)
where K(t) = |ρ23(t)| −
√
ρ11(t)ρ44(t). Using the above expressing, we calculate that the
concurrency is
Cρˆ(t) = |M1 (t) |2 = 〈Φ(0)| ρˆΦ(t)|Φ(0)〉. (21)
The Eq.(21) shows that the concurrency is directly dependent on the survival probability of the
initial state.
3.2. Entropy Uncertainty Relation(EUR)
According to Eq.(1), and we order Pˆ = Sˆx, Qˆ = Sˆy
S(Sˆx |B) + S(Sˆy |B) ≥ log2
1
c
+ S(A|B). (22)
Once measures Sˆx or Sˆy , the two-atom state is
ρˆSxB =
∑
i
(|ψl〉〈ψl | ⊗ IB) ρˆAB (|ψk〉〈ψk | ⊗ IB) , (23)
or
ρˆSyB =
∑
i
(|φl〉〈φl | ⊗ IB) ρˆAB (|φk〉〈φk | ⊗ IB) . (24)
S
(
ρˆj
)
= −tr ( ρˆj log2 ρˆj ) = −∑i αi log2 αi is the von Neumann entropy, αi is the eigenvalues
of the density matrix ρˆj . c ≡ maxl,k |〈ψl |φk〉|2 = 12 is defined as the maximum complementary
for two incompatible observable Sˆx and Sˆy . |ψl〉 and |φk〉 are the eigenstates of the Sˆx and Sˆy ,
respectively.
The left-hand side of inequality Eq.(22) represents the entropy uncertainty(EUR) about
atom B after measuring atom A, i.e., EUR = S(Sˆx |B) + S(Sˆy |B). The right-hand side of
the inequality equation (22) provides the lower bound of the entropy uncertainty(LEU), i.e.,
LEU = log2 1c + S(A|B). We can calculate that LEU is equal to
LEU = − (1 − |M1 |2) log2(1 − |M1 |2) − |M1 |2 log2 |M1 |2
+ (1 − 1
2
|M1 |2) log2(1 −
1
2
|M1 |2)
+
1
2
|M1 |2 log2
1
2
|M1 |2 + 1
= − (1 − Cρˆ(t)) log2(1 − Cρˆ(t)) − Cρˆ(t) log2 Cρˆ(t)
+ (1 − 1
2
Cρˆ(t)) log2(1 −
1
2
Cρˆ(t))
+
1
2
Cρˆ(t) log2
1
2
Cρˆ(t) + 1.
(25)
It’s worth noting that from equation (25) you can intuitively see that when Cρˆ(t) is equal to 0,
LEU is equal to 1, and Cρˆ(t) is equal to 1, LEU is equal to 0.
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Fig. 2. Time evolution of the LEU(t)(solid) and C(t)(dashed) for the different type.(a)
λ1 = 5γ1, λ2 = 5γ2(red line), λ1 = 5γ1, λ2 = 0.01γ2(black line); (b) λ1 = 0.01γ1,
λ2 = 0.01γ2(blue line). All types are at γ1 = γ2. Here a = 0.36, b = 0.576, c =
0.66, d = 1.
3.3. Zeno Effect
The quantum Zeno effect is the inhibition of transitions between quantum states by frequent
measurements. Namely, an unstable quantum system will not decay if it is measured frequently.
It has been discussed theoretically [55–57] as well as experimentally [43, 58]. In the other
word, the survival probability PN (t) of the system in its state |ΦS〉 remains constant in the limit
N → ∞, which suppose N measurements with equal time interval T = tN . The initial state
survival probability is given by [40]
PN (t) = [P (T)]N
= 〈Φ (0) | ρˆΦ (T) |Φ (0)〉N, (26)
where time t = NT , P (T) is the probability of system in the initial state right after a measurement
is performed(N = 1). Then assumption that the environment is reset to its initial state ρˆE (0) is
implicitly made so that the evolution of two-atom system in the next Zeno interval is the same as
that in the previous interval, and consequently PN (t) = [P (T)]N .
4. RESULT AND DISCUSSION
4.1. Entanglement Witness and Entropy Uncertainty without Zeno Effect
We now look at the entanglement dynamics(C(t)) and the lower bound of the entropy uncertainty
relationship(LEU(t)) for the weak coupling and strong coupling, i.e., for λ > 2γ and λ < 2γ,
respectively. In Fig. 2(a) for λ1 = 5γ1, λ2 = 5γ2, the atom is weak coupling with two
pesudomodes, namely, the information of the atom quickly dissipates to the two pesudomodes.
Therefore, we can see that theC(t) decreasesmonotonically to zero, and the LEU(t)monotonically
increase and then quickly tend to 1. The entanglement witness time τ is 0.36. For λ1 = 5γ1,
λ2 = 0.01γ2, the atom is weak coupling with 1-th pesudomode and strong coupling with 2-th
pesdomode. Namely, the information of the atom only quickly dissipates to the 1-th pesudomode,
and the information of the 2-th pesudomode will flow back to the atom. Therefore, the image of
C(t) is similar to the former. The peak of uncertainty relationship is the same. Only the rate of
change of the latter is slower than that of the former. Similarly, the image of LEU(t) is resemble
the former. Besides, the rate of decline is smaller than the former. And the entanglement witness
time τ is 0.576. That is because the information going back from the 2-th pseudomode to the
atom, so τ is greater than the previous case. In both cases, there is no entanglement recovery.
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Fig. 3. (Color online)Contour map of the non-Markovianity of the two-atom system.0 <
γi < 0.5(i = 1, 2) is Markovian, and 0.5 < γi(i = 1, 2) is non-Markovian.
Whereas, in Fig. 2(b) for λ1 = 0.01γ1, λ2 = 0.01γ2, the atom is strong coupling with two
pesudomodes. Not only does the decay of atomic information slow down, but also the information
will flow back to the atom from the two pesudomodes due to the memory and feedback of the
pesudomodes. For LEU(t), the rate of monotonically increase is smaller. The τ is 6.23. In the
other word, the stronger the coupling between the atom and the pseudomodes, the longer the
entanglement witness time, and the greater the C(t). It is noteworthy that for the case where the
atom is strongly coupled to both pseudomodes, a second entanglement witness period occurs.This
indicates that more information is coming back to the system in strong coupling. But there is
the same minimal value(c = 0.66) of entanglement witness in the three cases, i.e. λ1 = 5γ1,
λ2 = 5γ2, and λ1 = 5γ1, λ2 = 0.01γ2 and λ1 = 5γ1, λ2 = 5γ2.
4.2. The Degree of Non-Markovianity
In order to explain the above results in more detail, we introduce the non-Markovianity [59–61].
Due to the initial state is a X density in this paper, we can straightforward obtain the non-
Markovianity of the two-atom system [45]. On the other hand, Zhi He et al . found that, for phase
damping and amplitude damping channels, the three previous measures of non-Markovianity is
equivalent, i.e., the measures based on the dynamical divisibility, quantum trace distance, and
quantum mutual information [62]. Now we measure the non-Markovianity by using the method
based on quantum trace distance. We get the non-Markovianity for the single atom system firstly,
and then we generalize it to the two-atom system. The non-Markovianity is mathematically
defined as follows:
N1 = max
ρˆ1(0),ρˆ2(0)
∫
[dD12(t)/dt]>0
dD12(t)
dt
dt, (27)
where the trace distance D12(t) = 12 tr| ρˆ1(t) − ρˆ2(t)| between two reduced density matrices ρˆ1(t)
and ρˆ2(t). We taking ρˆ1(0) = |g〉〈g | and ρˆ2(0) = |e〉〈e|. According to the literature [45], we can
get that the non-Markovianity of the two-atom system isN = 2N1. We plot the non-Markovianity
of the two-atom system.
Fig. 3 gives the dependence of non-Markovianity on λ1 and λ2. The black regime represents a
Markovian quantum process, which the quantum information dissipates to environment from
system. The other colors represent the non-Markovian case, where the recovery of entanglement
can occur because the information can flow back from environment to system. The dividing
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Fig. 4. (a) The dynamics of the LEU(t)(dashed) and C(t)(solid) in the absence of
measurement; (b) and (c) are the dynamics of the LERN (t)(dashed) and CN (t)(solid)
when the measuring time interval is T = 10 and T = 0.01, respectively. All types are at
γ1 = γ2.
line of different colors is a straight line, indicating that the influence of these γ1 and γ2 on
the non-Markovianity is equivalent when λ1 = λ2. We discussed three different cases earlier:
(1)λ1 = 5γ1, λ2 = 5γ2, (2)λ1 = 5γ1, λ2 = 0.01γ2, (3)λ1 = 0, 01γ1, λ2 = 0.01γ2. For (1), the
atom is weak coupling with two pesudomodes, the information of the atom decay quickly, thus
the non-Markovianity is very small, as the black regime shown in Fig. 3. This is the physical
reason that the entanglement decreases monotonically to zero and the LEU(t) monotonically
increase, as the red line shown in Fig. 2(a). However, for (2), the atom is weak coupling with 1-th
pseudomode(λ1 = 5γ1) and strong coupling with the 2-th pseudomode(λ2 = 0.01γ2), indicating
that the entire environment is non-Markovian and non-Markovianity is more bigger than case
(1) from fig. 3. That is why the information of atoms decay more slowly than (1), as the black
line shown in Fig. 1(b). For (3), each atom is strong coupling with theirs two pseudomodes.
Therefore, it explains that in case (3), the information decay is the slowest, and the entanglement
witness time is the longest, as the blue line shown in Fig. 1(b). That is, information can flow
back from the environment to the system. In other words, in the process of strong coupling,
the environment has a memory effect, which makes information flow back to the system from
the environment, thus producing the phenomenon of entanglement decay and entanglement
recovery. In practice, the dissipation plays a leading role, so it decays to zero in end. It is worth
noting that the distinction of strong coupling and weak coupling is different from the condition
λ1 > 2γ1, λ2 > 2γ2, that is, γ1, γ2, λ1, and λ2 affect the environment together, as shown in fig. 2
and fig. 3 for details of how they affect the whole environment.
4.3. Entanglement Witness and Entropy Uncertainty with Zeno Effect
For the above two-atom system, the initial state is |Φ (0)〉 = 1√
2
[|eg〉 + |ge〉]. Now, we carry out
a series of measurements on the system, each measurement interval is T , after N measurements,
the initial state survival probability is given by
PN (t) = [P (T)]N
= 〈Φ (0) | ρˆΦ (T) |Φ (0)〉N
= e−γz (T )t
(28)
where t = NT , and γz (T) = − log |M1(T ) |
2
T is an effective decay rate. Not only the protective
measurements affects the probability PN (t) but also corrects for concurrency. And now, the
effective dynamics of concurrency depends on T . After performing N measurements at time
t = NT , the concurrency is given by
CN (t) = |M1(T)|2N
= e−γz (T )t .
(29)
According to the (28), CN (t) = PN (t).
In Fig. 4 We compare the dynamics of the CN (t) and LEUN (t) with the initial maximum
entangled state at different time intervals T when λ1 = 0.01γ1, λ2 = 0.01γ2. In Fig. 4(a), it is
absence of measurement for the dynamics of the C(t) and LEU(t). On the one hand, the C(t)
decays to zero at time approximately equal to 15, and then there is an entanglement recovery. It
is worth noting that the entanglement can be witnessed a second time after the entanglement
recovery. On the other hand, the fist entangled witness time is 6.23 and the minimal value of
entanglement witness is 0.66. For Fig. 4(b), i.e., T = 10, the CN (t) deceases more slower than
the former and it decays monotonically to zero. Nevertheless, entanglement cannot be witnessed
because LEU(t) is always greater than 1. This is the anti-Zeno effect, which is normal. For Fig.
4(c), i.e., T = 0.01, the CN (t) is decays very slowly and CN (t) is greater than the previous cases.
Correspondingly, the entangled witness time is around 800, which is much greater than before.
From Fig. 4(c), at time greater than 0, entanglement can be witnessed. By comparing fig. 4(a),
fig. 4(b) and fig. 4(c), it is found that the influence of Zeno effect is obviously greater than that
of the environment, hence entanglement and entanglement witness can be well protected. It is
known that in each case, entanglement can be effectively protected by frequent measurements,
and anti-Zeno effect will occur before the most effective protection is achieved.
5. CONCLUSION
To sum up, we focus on a two-atom system under the quantum Zeno effect, in which each atom
is in an environment with a double Lorentzian spectrum, and there is no interacting between
the two environments. First, we use pseudomode theory to solve a model of two-level atom
coupled with double Lorentzian spectrum, and obtain an analytical representation of the density
operator of the atom. Secondly, we investigate the entanglement witness and entropy uncertainty,
and get the analytical representation of entanglement and uncertainty and their relationship. In
addition, the effects of quantum Zeno effect and environmental parameters on the entanglement
witness time and the lower bound of quantum entropy uncertainty in the existence of quantum
memory are discussed in detail. The results show that, only when the two spectrums satisfy
strong coupling with the atom, the time of entanglement witness can be prolonged and the lower
bound of the entropy uncertainty can be reduced, and the entanglement can be witnessed many
times. The Zeno effect not only can very effectively prolong the time of entanglement witness and
reduce the lower bound of the entropy uncertainty, but also can greatly reduce the entanglement
value of witness. The results can be applied to the fields of quantum entanglement witness [3],
quantum cryptography [27], classical correlation locking in quantum state [7]and so on. We also
explain the double Lorentzian with the pseudomode theory, and gave the corresponding physical
explanation of total system use the non-Markovianity.
A. APPENDIX: the equation in Lindblad form of an atom
The interaction between an atom and its environment is equivalent to the interaction between an
atom and two pseudomodes. First, we construct a complete basis vector for the system comprise
the an atom and two pseudomodes in the Schrödinger picture. The basis is
|1〉 = |g, 01, 02〉, (30a)
|2〉 = |e, 01, 02〉, (30b)
|3〉 = |g, 11, 02〉, (30c)
|4〉 = |g, 01, 12〉, (30d)
where |g〉(|e〉) is the basis of the atom system and |ni〉(n = 0, 1; i = 1, 2) is the introduced basis
for the pseudomode i. For a single excitation of the total system, we can get their state is
|Ψ¯〉 = B0(t)|1〉 + B1(t)|2〉 + P¯1(t)|3〉 + P¯2(t)|4〉. (31)
On the other hand, since the number of particles is conserved. We denote the atomic
ground-state population by N¯ , we have
N¯ = |M0(t)|2 +
∑
k
|Mk(t)|2, (32)
in terms of the original modes of the system. Now, we can obtain
dN¯
dt
= −d |M1(t)|
2
dt
, (33)
which is conservation of probability. However, we now use the pseudomode Eq.(11) to find that
dN¯
dt
=ig¯1P¯1(t)M∗1 (t) − ig¯1P¯∗1(t)M1(t)
+ ig¯2P¯2(t)M∗1 (t) − ig¯2P¯∗2(t)M1(t),
(34)
Eq.(33) is compared with the total population growth of the pseudomode obtained from Eq.(11)
d |P¯j |2(t)
dt
=2=(zj)|P¯j(t)|2 + ig¯j P¯j(t)M∗1 (t)
− ig¯j P¯∗j (t)M1(t),
(35)
so that
dN¯
dt
=
d |P¯1(t)|2
dt
+
d |P¯2 |2(t)
dt
− 2=(z1)|P¯1(t)|2 − 2=(z2)|P¯2(t)|2.
(36)
Clearly, The increase in N¯ is not just due to the pseudomode population in pseudomode system,
because the pseudomodes are lossy as shown Fig.1. Therefore, the density matrix of pseudomode
system is
ρ¯ =|Ψ¯〉〈Ψ¯| +
2∑
j=1
N¯j |0〉〈0|,
N¯j =2λj
∫ t
0
|P¯j(t′)|2dt′ .
(37)
We simply obtain the equation of Lindblad form
ρ¯
dt
= − i[H, ρ¯] − λ1[P¯†1 P¯1 ρ¯ − 2P¯1 ρ¯P¯†1 + ρ¯P¯†1 P¯1]
− λ2[P¯†2 P¯2 ρ¯ − 2P¯2 ρ¯P¯†2 + ρ¯P¯†2 P¯2],
(38)
with the Hamiltonian
H =ω0σ+σ− + ω0P¯†1 P¯1 + ω0P¯
†
2 P¯2
+ g¯1(P¯1σ+ + σ−P¯†1 ) + g¯2(P¯2σ+ + σ−P¯†2 ).
(39)
So we know from equation (38) that λj is the dissipation rate of the j-th pseudomode, g¯j =
√
γjλ j
2
is the coupling strength of the atom with j-th pseudomode.
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